In this paper, the notion of weakly Ky Fan's points of set-valued mappings is established, and we prove some existence theorems of weakly Ky Fan's points for functions with no continuity or space with no compactness. Then, from the viewpoint of the essential stability, we prove that most of problems in weakly Ky Fan's points (in the sense of Baire category) are essential. MSC: 26D20; 26E25
Introduction
Ky Fan [] gave an inequality for real valued functions which plays a very important role in nonlinear analysis (e.g., see Lin and Simons [] ). Let X be a nonempty compact convex subset of a Hausdorff topological vector space, and ϕ : X × X → be such that () ϕ(x, x) ≤  for all x ∈ X; () for each fixed x ∈ X, y → ϕ(x, y) is lower semicontinuous; () for each fixed y ∈ X, x → ϕ(x, y) is quasiconcave, then there exists y * ∈ X such that ϕ(x, y * ) ≤  for all x ∈ X. Tan, Yu and Yuan [] defined the inequality above as the Ky Fan inequality and called such a point y * Ky Fan's point, which is fundamental in proving many theorems in nonlinear analysis such as optimization problem, Nash equilibrium problem, variational inequality problem. There have been numerous generalizations of the Ky Fan inequality (see [-] 
Preliminaries
Now we recall some definitions in [, ].
Definition . Let X and Y be two Hausdorff topological spaces, and F : X →  Y be a set-valued mapping.
() F is said to be upper semicontinuous at
and F is said to be upper semicontinuous on X, if F is upper semicontinuous at each x ∈ X.
() F is said to be lower semicontinuous at
and F is said to be lower semicontinuous on X, if F is lower semicontinuous at each x ∈ X.
() F is said to be a usco mapping, if F is upper semicontinuous on X and F(x) is compact for each x ∈ X.
() F is said to be closed, if
Definition . Let H be a topological vector space and C be a cone of H. A cone C is said to be convex, if C + C = C, and a cone C is said to be pointed, if C ∩ C = {θ }, where {θ } denotes the zero element of H.
Remark . (see [])
If C is a closed, convex, pointed cone with int C = ∅, where int C denotes the interior of C in H, then we can easily obtain that int C + C = int C.
Definition . Let X and Y be two topological vector spaces, K be a nonempty convex subset of X, F : K →  Y be a set-valued mapping, and C be a closed, convex, pointed cone
Remark . C-concave and C-quasiconcave-like are two different notions which cannot deduce from each other. For example, let
Existence for weakly Ky Fan's points of set-valued mappings
Lemma . (see [] ) Let X be a nonempty subset of a Hausdorff topological vector space E, F : X →  X be a set-valued mapping. For each x ∈ X, F(x) is closed, and there exists some 
Theorem . Let X be a nonempty convex compact subset of a Hausdorff topological vector space E, C is a closed, convex, pointed cone with
Proof Define a set-valued mapping F : X →  X as follows:
By (), we can easily know that F(x) = ∅ for each x ∈ X. Next, we prove that for each
. . , n. By Theorem .(), Remark ., and Definition .(), we can obtain that
where Cl(F(x)) denotes the closure of F(x). Clearly, for each x ∈ X, Cl(F(x)) ⊂ X, X is compact, so Cl(F(x)) is compact. By F(x) ⊂ Cl(F(x)) and ( * ), we know that Cl(F) : X →  X also satisfies ( * ), thus by Lemma . we have x∈X Cl(F(x)) = ∅. Take y * ∈ x∈X Cl(F(x)), then y * ∈ Cl(F(x)) for each x ∈ X. Therefore, there exists y * ∈ X, such that for each x ∈ X and a net {y α } with {y
The proof is finished.
Corollary . Let X be a nonempty convex compact subset of a Hausdorff topological vector space E, C is a closed, convex, pointed cone with int C = ∅. If a vector-valued function ϕ : X × X → H satisfies the following conditions:
() for each fixed y ∈ X, x → ϕ(x, y) is C-quasiconcave-like, then there exists y * ∈ X such that for each x ∈ X and a net {y α } with
Proof In Theorem ., let ϕ(x, y) ≡ H, ∀x ∈ X, ∀y ∈ X.
Corollary . Let X be a nonempty convex compact subset of a Hausdorff topological vector space E. If a function ϕ : X × X → satisfies the following conditions: then there exists y * ∈ X such that for each x ∈ X and a net {y α } with
Proof In Corollary ., let H = , C = [, +∞).
Remark . From the proof process of Theorem ., we can easily extend it to the case in which X is not compact.
Theorem . Let X be a nonempty convex subset of a Hausdorff topological vector space E, C is a closed, convex, pointed cone with
int C = ∅. If ϕ : X × X →  H satisfies the following conditions: () ϕ(x, x) ⊂ int C for all x ∈ X, () for each fixed y ∈ X, x → ϕ(x, y) is C-quasiconcave-like, () Cl(F(x  )) = Cl{y ∈ X | ϕ(x  , y) ⊂ int C} is
compact, then there exists y
* ∈ X such that for each x ∈ X and a net {y α } with
From the proof of Theorem ., we can know that for each {x  , x  , . . . ,
. Define a set-valued mapping Cl(F) : X →  X as follows:
where Cl(F(x)) denotes the closure of F(x). Clearly, for each x ∈ X, Cl(F(x)) is closed. By Theorem .(), there exists x  such that Cl(F(x  )) = Cl{y ∈ X | ϕ(x  , y) ⊂ int C} is compact. Thus the conditions of Lemma . are satisfied. So we have x∈X Cl(F(x)) = ∅. Take y * ∈ x∈X Cl(F(x)), then y * ∈ Cl(F(x)) for each x ∈ X. Therefore, there exists y * ∈ X, such that for each x ∈ X and a net {y α } with {y
In the same way, Corollary . and Corollary . can be promoted respectively as follows. 
Corollary . Let X be a nonempty convex subset of a Hausdorff topological vector space E, C is a closed, convex, pointed cone with int C = ∅. If a vector-valued function ϕ : X × X → H satisfies the following conditions:
Remark . By Remark ., we know that C-concave and C-quasiconcave-like are two different notions which cannot deduce from each other. Then Theorem ., Theorem . can easily extend the case in which for each fixed y ∈ X, x → ϕ(x, y) is C-concave in a similar way.
Remark . We call such points y * the weakly Ky Fan's points in Theorem ., Theorem .. It is obvious that Ky Fan's points must be weakly Ky Fan's points, inverse is not true.
Generic stability of the set for weakly Ky Fan's points of set-valued mappings
In this section, we first give some lemmas and concepts, then we study the generic stability of the set for weakly Ky Fan's points for set-valued mappings. Let X be a nonempty convex compact subset of a Banach space E with norm · , C be a closed, convex, pointed cone with int C = ∅, K(E) be the set of all nonempty compact subsets of E.
where h(ϕ  (x, y), ϕ  (x, y)) denotes the Hausdorff distance between ϕ  (x, y) and ϕ  (x, y) on X × X. Clearly (M  , ρ) is a metric space, (K(E), h) is complete metric space (see [] ). For any ϕ ∈ M  , by Theorem ., there exists y * a weakly Ky Fan's point of set-valued mappings.
Let F(ϕ) be the set of all weakly Ky Fan's points of ϕ, then F(ϕ) = ∅, and thus define a set-valued mapping from M  into X, F : M  →  X , where F(ϕ) = {y ∈ X | for each x ∈ X and a net {y α } with {y α } → y we have ϕ(x, y α ) ⊂ int C for any α ∈ D}.
Next, we give some important lemmas in proving the generic stability of weakly Ky Fan's points for set-valued mappings. K(E) is a complete metric space, there exists a compact set ϕ(x, y) ∈ K(E) such that h(ϕ n (x, y), ϕ(x, y)) ≤ ε ( * ) for any (x, y) ∈ X × X. Next, we prove that ϕ ∈ M  .
By ( * ), we can obtain ϕ n (x, y) ⊂ U(ϕ(x, y), ε) and ϕ(x, y) ⊂ U(ϕ n (x, y), ε) for any n ≥ N , then we can obtain that ϕ(
Proof Since X is compact, by Lemma ., it suffices to show that F is a closed mapping, i.e., if for any
By z n ∈ F(ϕ n ), there exists a net y α n → z n and ϕ n (x, y α n ) ⊂ int C for any α ∈ D. Next, we suppose that z / ∈ F(ϕ). Then there exists some x, and for each y
we can obtain that ϕ n (x, y α n ) ⊂ ϕ(x, y α n ) ⊂ int C which contradicts the assumption that 
